Hierarchical networks of regular degree  by Boettcher, Stefan & Goncalves, Bruno
Physics Procedia 00 (2010) 1–4
Physics Procedia
Hierarchical Networks of Regular Degree
Stefan Boettcher & Bruno Goncalves
Emory University, Dept. of Physics, Atlanta, GA 30322, USA
Abstract
Two new networks are introduced that are recursively constructed but retain a ﬁxed, regular degree. They consist
of a one-dimensional lattice backbone overlayed by a hierarchical sequence of long-distance links. Both networks,
one 3-regular and the other 4-regular, lead to distinct behaviors, as revealed by renormalization group studies. The
3-regular networks are planar, have a diameter ∼ √N, and lead to super-diﬀusion with an exact, anomalous exponent
dw = 1.3057581 . . ., but possesses only a trivial ﬁxed point Tc = 0 for the Ising ferromagnet. In turn, the 4-regular
networks are non-planar, have a diameter of ∼ 2
√
log2 N2 , exhibit “ballistic” diﬀusion (dw = 1), and a Tc > 0.
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We introduce and study a set of graphs which reproduce the behavior of small-world (SW) networks [1] without the
usual disorder inherent in natural networks. Instead, they attain these properties in a recursive, hierarchical manner that
is conducive for RG. The beneﬁt of these features is two-fold: For one, we expect that many SW phenomena can be
studied analytically on these networks, and that they will prove as useful as, say, the Migdal-Kadanoﬀ approximation
has been for physical systems in low dimensions. Possessing a well-understood and regular set of networks with these
properties is a tremendous advantage for engineering applications, as it is diﬃcult to manufacture individual instances
of random networks reliably when we can ascertain their behavior only in the ensemble average. Here, we introduce
these networks by discussing elementary aspects to highlight their properties.
Each network possesses a geometric backbone, a 1d line of N = 2k sites. To obtain a hierarchy, we parameterize
Figure 1: Display of the 3-regular network HN3 (left) and 4-regular network HN4 (right). HN3 is planar but HN4 is not.
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Figure 2: Sequence of shortest end-to-end paths (=diameter, thick lines) for HN3 of size N = 2k , k = 2, 4, 8. Whenever the system size N increases
by a factor of 4, the diameter d increases by a factor of ∼ 2.
any site n( 0) uniquely as
n = 2i (2 j + 1) (i ≥ 0, j = 0,±1,±2, . . .), (1)
for the ith level in the hierarchy. For instance, i = 0 refers to all odd integers, i = 1 to all integers once divisible by
2 (i.e., 2, 6, 10,...), and so on. In these networks, both depicted in Fig. 1, aside from the backbone, each site is also
connected with (one or both) of its neighbors within the hierarchy. For example, we obtain a hierarchical 3-regular
network HN3 by connecting ﬁrst neighbors in the 1D-backbone, then 1 to 3, 5 to 7, 9 to 11, etc, for i = 0, next 2 to 6,
10 to 14, etc, for i = 1, and 4 to 12, 20 to 28, etc, for i = 2, and so on. The 4-regular network HN4 is obtained in the
same manner, but connecting to both neighbors in the hierarchy, i.e., 1 to 3, 3 to 5, 5 to 7, etc, for i = 0, 2 to 6, 6 to
10, etc, for i = 1, and so forth, and possibly extending the line to negative integers in the above pattern.
For HN3, it is simple to determine geometric properties, for instance, its diameter d, the longest of the shortest
paths between any two sites, here the end-to-end distance. As shown in Fig. 2, the length dk of each path is given by
dk+2 = 2dk + 1 for Nk+2 = 4Nk, hence d ∼
√
N. This property is reminiscent of a square-lattice of N sites, whose
diameter (=diagonal) is also ∼ √N.
The geometry of HN4 is more subtle. We consider again the shortest path between the origin n = 0 and the end
n = N = 2k. We ﬁnd that the paths here do not search out the longest possible jump, as in Fig. 2. Instead, the paths
reach quickly to some intermediate level and follow consecutive jumps at that level before trailing oﬀ in the end.
This is a key distinguishing feature between HN3 and HN4: Once a level is reached in HN4, the entire network can
be traversed at that level, while in HN3 one must switch to lower levels to progress, see Fig. 1. We observe for the
end-to-end diameters
d ∼ 12
√
log2 N2 2
√
log2 N2 ∼ (log2 N)α with α ∼ √log2 N2log2 log2 N2 + 12 . (2)
Technically, α diverges with N and the diameter grows faster than any power of log2 N but less than any power of N.
Yet, α varies only very slowly with N, between α ≈ 1.44 to ≈ 1.84 over nine decades, N = 10 − 1010.
As a demonstration of the rich dynamics facilitated by these networks, we have studied random walks on HN3
and HN4. Starting all walks at n = 0, and we have focused in our simulations only on the mean distance
〈|n|〉 ∼ t1/dw . (3)
All walks are controlled by the probability p of a walker to step oﬀ the lattice into the direction of a long-range jump.
In particular, the walker always jumps either to the left or right neighbor with probability (1 − p) /2, but makes a
long-range jump with probability p on HN3, or p/2 to either the left or right on HN4. In both cases, a simple 1D
nearest-neighbor walk results for p = 0, where dw = 2 for ordinary diﬀusion. For any p > 0, the long-range links
dominate the behavior, and scaling is independent of p.
Adapting the RG for random walks [2], we ﬁnd exact results for HN3, for instance, an anomalous exponent in
Eq. (3) of dw = 2 − ln (φ) / ln (2) = 1.3057581 . . . with φ =
(
1 +
√
5
)
/2. These calculations are lengthy but parallel
those depicted below in Fig. 3. This is a remarkable exponent because it is a rare example of a nearest-neighbor fractal
walk with super-diﬀusive (1 < dw < 2) behavior [3]. Mapping the walk for HN4 on a Weierstrass Le´vy ﬂight [4]
yields a value of dw = 1. Hence, a walk on HN4 proceeds ballistic, where widely ﬂuctuating jumps conspire just so
that a single walker extends outward with an on-average constant velocity in both directions. Clearly, it is easier to
traverse HN4 than HN3 because on HN4 a walker can progress repeatedly within a hierarchical level.
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Figure 3: Depiction of (exact) RG step for the Ising model on HN3. Tracing out odd-labeled variables xn±1 for all n = 2(2 j+1), in the left plot leads
to the renormalized couplings (L′,K′0,K
′
1) on the right in terms of the old couplings (L,K0,K1). Unlabeled bonds correspond to Ki≥2. HN3 does
not contain couplings of type (L, L′), but they become relevant during the RG process. Random walks on HN3 lead to a topologically equivalent,
but more involved RG step.
We have also studied Ising spin models on HN3 and HN4, with RG and with Monte Carlo simulations. First,
we consider the RG for the Ising model on HN3. In this case, all steps can be done exactly but the result turns out
to be trivial (for uniform bonds) in the sense that there are no ﬁnite-temperature ﬁxed points of the RG ﬂow. Yet,
the calculation is instructive, highlighting the large number of statistical models that can be accessed through the
hierarchical nature of the process, and it is almost identical in outcome to the treatment below for HN4. That small
diﬀerence is just enough to provide HN4 with a non-trivial Tc > 0, which we conﬁrm numerically.
The RG consists of recursively tracing out odd-relabeled spins xn±1, see Fig. 3. The xn±1 are connected to their
even-labeled nearest neighbors on the lattice backbone by a coupling K0. At any level, each xn±1 is also connected to
one other such spin xn∓1 across an even-labeled spin xn with n = 2 (2 j + 1) in Eq. (1) that is exactly once divisible by
2. Let us call that coupling K1, all other couplings are Ki>1. During the RG process, a new coupling L (green, dashed
line in Fig. 3) between next-nearest even-labeled neighbors emerges. Putting all higher level terms into R, we can
section the Hamiltonian
−βH =
∑
{n=2(2 j+1)}
(−βHn) + R (K2,K3, . . .) , (4)
where each sectional Hamiltonian is given by
−βHn =
n+1∑
m=n−2
K0xmxm+1 + K1xn−1xn+1 + L (xn−2xn + xnxn+2) (5)
with (K0,K1, L) as unrenormalized couplings and we neglected an overall energy scale I. After tracing out the odd-
labeled spins in each exp
[−βHn], we identify the renormalized couplings (neglecting I′):
K′0 = L+
1
2
ln cosh (2K0)+
1
4
ln
[
1+tanh (K1) tanh2 (2K0)
]
,
L′ =
1
4
ln
[
1+tanh (K1) tanh2 (2K0)
]
, (6)
and K′i = Ki+1 f. a. i ≥ 1. The high-T solution K∗0 = L∗ = 0 is a trivial ﬁxed point of Eq. (6). Excluding that and
eliminating L∗ yields 1 = tanh (K1) tanh
(
2K∗0
)
, which has only the Tc = 0 solution K∗0 = ∞ (where also K1 = J1/T →∞). Note, however, that the RG recursions (6) have a remarkable property due to the hierarchical structure of the
network: The next-level coupling K1 appears as a free parameter and acts as “source term” that could be chosen to
represent physically interesting situations, e. g. disorder or distance-dependence. For instance, with Ki as an increase
function of distance ri = 2i+1, a non-trivial ﬁxed point could be created.
In contrast, HN4 provides a non-trivial solution for the Ising model even for uniform bonds, as expected for a
mean-ﬁeld system. Again, an exact result for HN4 is elusive, although in light of the inherent symmetries such
a solution may be possible. Instead, here we proceed to a Niemeijer-van Leeuwen cumulant expansion [5] and
compare with our numerical simulations. The Hamiltonian indeed has an elegant hierarchical form separating the
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lattice backbone and long-range couplings:
−βH =
2k∑
n=1
K0xn−1xn +
k∑
i=1
2k−i∑
j=1
Kix2i−1(2 j−1)x2i−1(2 j+1). (7)
For the RG, we set −βH = −βH0 − βV + R with
−βH0 =
2k−1∑
j=1
K0x2 j−1
(
x2 j−2 + x2 j
)
+
2k−1∑
j=1
Lx2 j−2x2 j,
−βV =
2k−1∑
j=1
K1x2 j−1x2 j+1, (8)
added new couplings L that emerge during RG, as in Fig. 3. Tracing out odd spins and relabeling all remaining even
spin variables xn → x′n/2, the cumulant expansion applied to Eq. (8) yields a new Hamiltonian − (βH)′, formally
identical to Eq. (7), with the rescaled couplings
K′0 = L +
1
2
ln cosh (2K0) +
K1
2
tanh2 (2K0) , (9)
K′1 = K2 +
K1
4
tanh2 (2K0) , L′ =
K1
4
tanh2 (2K0) .
and K′i = Ki+1 for (i ≥ 2). These are the same relation one would obtain for the 1D-Ising model with nnn couplings,
if K1 ≡ L and Ki = 0 for i ≥ 2. In that case, one would ﬁnd – correctly – that there are no non-trivial ﬁxed points. The
K2−term, which appears essentially as an arbitrary source again at every RG step, if chosen appropriately, provides
the sole ingredient for a non-trivial outcome. But unlike for HN3, here already uniform (i-independent) Ki obtain
Tc > 0. Holding the source terms ﬁxed, Ki≥2 ≡ 1, we ﬁnd a single nontrivial ﬁxed point at K∗0 ≈ 0.2781, K∗1 ≈ 1.0681,
L∗ ≈ 0.0681. An analysis of the RG ﬂow [5] in Eqs. (9), starting with identical Ki ≡ βJ f. a. i, yields Tc ≈ 2.2545J.
Simulations on HN4 with uniform bonds for increasing system sizes N = 2k accumulate to Tc = 2.1(1)J.
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